Using a quantum mechanical three-step model we present numerical calculations on the highharmonic generation from four polyatomic molecules. Ethylene (C2H4) serves as an example where orbital symmetry directly affects the harmonic yield. We treat the case of methane (CH4) to address the high-harmonic generation resulting from a molecule with degenerate orbitals. To this end we illustrate how the single orbital contributions show up in the total high-harmonic signal. This example illustrates the importance of adding coherently amplitude contributions from the individual degenerate orbitals. Finally, we study the high-harmonic generation from propane (C3H8) and butane (C4H10). These two molecules, being extended and far from spherical in structure, produce harmonics with non-trivial orientational dependencies. In particular, propane can be oriented so that very high-frequency harmonics are favorized, and thus the molecule contains prospects for the generation of UV attosecond pulses.
I. INTRODUCTION
In the process of high-harmonic generation (HHG) high-frequency coherent radiation is emitted from an atom or molecule when exposed to intense femtosecond laser light. This process has been the subject of extensive studies during the last couple of decades due to possible applications, including, e.g., generation of coherent UV attosecond pulses [1, 2, 3] , carrier-envelope phase retrieval [4] and tomographic reconstruction of molecular orbitals [5, 6, 7] .
Whereas early HHG studies focused on atomic systems, it was not until the new millennium that experimental work on molecules gathered pace. Studies on HHG from molecules is motivated by the expectation that the more degrees of freedom and non-spherical symmetry as compared to atoms may lead to richer physics and a higher degree of control. Hitherto the molecules considered have mostly been diatomic or linear systems and it is only just recently that experimental results on HHG from more complicated molecules have become available [8] . Here we apply a quantum mechanical threestep model to investigate theoretically HHG from polyatomic molecules of current interest to experimentalists [6, 8] . In our theory, we use a detailed description of the molecular orbitals, obtained from Hartree-Fock calculations. We illustrate the effect of orbital symmetry on HHG by studying the orientation dependence of the harmonic signal from ethylene (C 2 H 4 ). The methane molecule (CH 4 ) is used to demonstrate how degenerate HOMOs influence the harmonic spectrum. In particular, we show the importance of including coherently the contribution from every single HOMO when calculating the harmonic yield from an oriented molecule. We demonstrate how the extended and non-spherical molecules propane (C 3 H 8 ) and butane (C 4 H 10 ) give rise to harmonic spectra with a rather complex orientational dependence. In the case of propane harmonics near the cutoff can be selected by orienting the molecule, and since we expect such harmonics to be synchronically emitted [9] orientation of propane is identified as a tool for generating attosecond pulses. It is the first time, to our knowledge, an investigation of the detailed orientational dependence of the single molecule high-harmonic signal from such complex systems is presented.
The paper is organized as follows. In Sec. II we derive formulas for the single-particle respons from a system with degenerate HOMOs, and we review the quantum mechanical three-step model used to calculate the harmonic yield [10] . In Sec. III we briefly discuss some numerical details for our calculations. Section IV contains numerical results describing the harmonic yield from each of the aforementioned molecules. Especially, we treat several effects related to the orientation of such systems. Finally, we give a summary and the conclusions in Sec. V.
[We use atomic units (e = = m e = a 0 = 1) throughout.] The complex amplitude for the emission of harmonics with frequency ω HHG polarized along the linear polarization vector e is obtained from the Fourier transform of the dipole acceleration
where d (t) is the expectation value of the dipole operatord of the molecule. The corresponding power density is given by [11, 12] :
The quantum state will be a mixed state, since several unobserved variables appear in a measurement of the harmonic signal. First, typically several electrons from a given molecule will contribute significantly to the HHG because of degeneracy of the highest occupied molecular orbital (HOMO). An experiment recording the total harmonic yield from an ensemble of ground state molecules cannot distinguish contributions from the individual degenerate HOMOs. Second, since perfect orientation of molecules is unrealistic, the measured harmonic yield arises from an ensemble of molecules with different orientations. In this section we treat these unresolved degrees of freedom, using and elaborating the results of recent work [13] . Initially, the molecule is in a stationary thermal state at temperature T , and the system is completely characterized by the density ma-
,Ĥ the field-free molecular Hamiltonian and k B Boltzmann's constant. We want to resolve the molecular initial state on energy eigenstates. The molecules we consider are, however, so complex that several simplifying assumptions have to be made in order to obtain a practical theoretical formulation. According to the Born-Oppenheimer approximation, we can separate the electron and nuclear motion, and we will assume only the electronic ground state be populated. Next we adapt the single-active-electron (SAE) approximation, and introduce an index λ in order to be able to discriminate between the degenerate HOMOs of this active electron. The nuclear motion consists of rotation and vibration. We shall assume that only the vibrational groundstate is occupied, whereas the rotation needs to be treated in more detail to take account of an oriented molecule. In doing so, we neglect the rovibrational interaction such that rotation and vibration can be treated separately. The rotation is characterized by the asymmetric top quantum numbers J, τ and M [14] . We may, accordingly, specify the energy eigenstates by their electronic and rotational degrees of freedom, |λ ⊗ |Jτ M . When the system interacts with a laser, the energy eigenstates will evolve according to a unitary operator that describes any number of orienting pump pulses followed by a short, intense laser pulse that drives the HHG [spontaneous decay processes can be neglected on the timescales we consider]. The orientation pulses are not strong enough to affect the electronic motion appreciably [15] , while the nuclear dynamic can be considered as frozen during the short high-harmonic generating pulse [13] . Thus, if the delay between the final orienting pulse and the driving pulse is denoted by t d , we can split the time evolution operator according to U (t) ≃ U HHG (t) ⊗ U orient (t d ) for a description of the evolution when the HHG is produced, where U HHG (t) propagates the electronic part of the molecular state during the pulse of the driving laser and U orient (t d ) accounts for the evolution of the rotational state of the molecule. The energy eigenstates then evolve as follows
We return to the time evolution of the system in Sec. II B. Our current goal is to calculate the expectation value of the dipole operator as this enters Eqs. (1) and (2). This evaluation is most conveniently done by expanding the energy eigenstates in the position basis |r, φ, θ, χ in which the dipole operator is diagonal
and P Jτ = exp(−E Jτ /k B T ) the Boltzmann weight of the asymmetric top wavefunction φ, θ, χ|U
Consequently, using Eqs. (1) and (2), the harmonic signal is given by
(8) In general, the degenerate HOMOs will interfere due to the coherent sum over λ in Eq. (7). Nevertheless, there are special cases where the degeneracy enters simply as a factor multiplying the signal from a single HOMO. For example we mention that if the degeneracy is due to spin multiplicity, N S , the sum over different HOMOs yields a factor N 2 S in the signal. Another instance occurs when the HOMOs differ simply by a rotation. Then, in the case of a randomly oriented ensemble of molecules, i.e.,
, it is obvious that HOMOs must each give rise to the same complex number when the single HOMO amplitude, A λ e (ω HHG , φ, θ, χ), is averaged over all orientations. It then follows from Eq. (7) that the degeneracy will again enter as a factor multiplying the signal from a single HOMO.
B. Model
As described in the previous section the system starts out in a statistically mixed state composed of the energy eigenstates. Each |λ ⊗ |Jτ M state evolves according to Eq. (3). In this section we focus on the time evolution of the system. First, propagating the asymmetric top energy eigenstates, |Jτ M , to obtain the |Φ Jτ M (t d ) ′ s at the time t d of the high-harmonic probing pulse is a numerically demanding task. The issue has already been addressed in several studies [15, 16, 17] , and in the present work, we will assume either G t d to be simply uniform (no preferred orientation) or use an idealized orientational distribution to be specified in Sec. IV.
Next, we focus on the electronic part of the time evolution. In the field-free initial state the HOMO wave function is conveniently expressed in a spherical expansion in the body fixed (BF) frame
Asymptotically this expression must follow the Coulomb form
with κ = √ 2I P , I P the ionization potential, Z the net charge of the molecule when the HOMO electron is removed and where the C λ l,m 's are fitting coefficients. More detail on how to obtain wavefunctions in Eqs. (9) and (10) is given in Sec. III. We wish to carry out calculations in a laboratory fixed (LF) system defined by the laser polarization, and for a molecule of arbitrary orientation LF and BF coordinate axes do not in general coincide. Hence, we rotate the BF wave function to obtain the LF wave function by application of the rotation operator
where the rotation is given by the Euler angles φ, θ and χ. Following the conventions of [14] θ is the angle between the BF z-axis and the LF Z-axis, φ denotes a rotation around the Z-axis, and finally χ denotes a rotation around the z-axis. Note that the effect ofD is readily evaluated in the spherical harmonic basis used in Eqs. (9) and (10) [14] .
We consider the case where the driving laser pulse contains several cycles such that a Floquet approach is suitable. Hence using the Coulomb gauge and the dipole approximation, a laser field with frequency ω and period T = 2π/ω is described by the vector potential A(t) = A 0 cos(ωt). According to the quantum mechanical three-step model described in [18] for atoms and [10] for molecules the electronic time evolution, given by U HHG (t) [see Eq. (3)], consists of a HOMO electron being transfered to the continuum via above threshold ionization (ATI), i.e., by absorbing a number of photons from the driving laser. The electron then propagates in the laser-dressed continuum and is eventually, due to the periodicity of the laser field, driven back to a recombination with the molecule, where it returns to the HOMO. Within this model the complex amplitude for the emission of harmonics polarized along the unit vector e with frequency ω
is the Wigner rotation function [14] , while
and
along with their Wigner rotation functions, are interpreted as ATI and propagation-recombination amplitudes, respectively, of a HOMO electron having absorbed k photons during the ATI-step. In Eqs. (13) and (14) q and q ′ are electron momenta and
is the quasi-classical action. The index C(k) in Eqs. (12)- (14) (11) (see [10] for further details).
III. CALCULATIONAL DETAILS
We have determined the Hartee-Fock wave functions for ethylene (C 2 H 4 ), methane (CH 4 ), propane (C 3 H 8 ) and butane (C 4 H 10 ) in a spherical basis along with the asymptotic coefficients using the technique described in [19] . In Table I we list the ionization potentials I p and the asymptotic C λ l,m -coefficients entering Eq. (10) . Note that the results in the case of ethylene differ from those in [19] because our choice of the BF axes in the present work follows the convention of [16] with the xz-plane coinciding with the molecular plane, whereas in [19] the molecular plane was chosen to coincide with the yz-plane.
IV. RESULTS AND DISCUSSION
In this section we present results on the high-harmonic yield from ethylene, methane, propane and butane. Since we do not include effects of propagation [22, 23] our calculations cannot be directly compared with the experimental results of Ref. [8] . If our main purpose was the optimization of the harmonic yield with the object of generating attosecond pulses then, surely, phase-matching should be taken into account. Nevertheless, in this theoretical work aiming at isolating and illustrating clearly the effects of symmetry, degenerate orbitals and orientation, we find it reasonable to disregard phase-matching: first, because propagation effects can be reduced experimentally by using a gas jet which is short compared to the coherence length [24] , and second, an understanding of the single molecular response is needed in order to understand the harmonic yield from a whole gas of molecules.
In all results presented below, we calculate the signal of harmonics polarized along a linearly polarized 800 nm, 1.8 × 10 14 W/cm 2 driving laser. As the light is linearly polarized the results are independent of φ, the rotation around the polarization vector. We consider molecules that are either randomly oriented or have been one-or three-dimensionally oriented. The orientational distributions G t d [see Eqs. (6)- (7)] corresponding to random, one-dimensional or three-dimensional orientation are as follows
Here the BF z-axis is oriented at angle θ with respect to the LF Z-axis in the cases of one-and three-dimensional orientation and the molecule is rotated an angle χ around the BF z-axis in the case of three-dimensional orientation.
A. Ethylene: Effects of the orbital symmetry
We first present results on the HHG from ehtylene (C 2 H 4 ). This molecule has a non-degenerate HOMO which makes the influence of the HOMO on the harmonic signal relatively transparent. Additionally, ethylene is interesting from the point of view that field-free one-dimensional alignment has been carried out experimentally [16] and field-free three-dimensional alignment has been explored theoretically [17] . Consequently, the theoretical results presented below may, in principle, be subject to experimental investigations. Figure 1 shows HHG spectra from ethylene at different orientations corresponding to the orientational distributions of Eqs. (16) and (17) . The overall effect of orienting the molecule is a scaling of the spectrum. The reason for this scaling is that all harmonics have similar orientational dependence. We also note the absence of even harmonics in the spectrum, which is easily explained from the inversion symmetry of the HOMO of ethylene: The inversion symmetry means that the HOMO is composed of angular momentum states separated by even multiples of (see Table I ). At the same time absorption and emission of laser photons change the size of the electronic orbital angular momentum by ± , so in order both to start off and end up in one of the angular momentum states of the HOMO an even number of dipole transitions is necessary. Hence, the HHG process requires the absorption of an odd number of photons followed by the emission of a single odd harmonic.
We have investigated HHG from C 2 H 4 that has been fixed in both θ-and χ-angles corresponding to the three- (12)- (14)]: As the electron escapes along the polarization direction the ionization is maximal when θ lies in between 0
• and 90
• [19] . The propagationrecombination step, however, is optimized when θ = 90
• , but the width of the peak depends on the harmonic order. These observations account for the different orientational behavior of the harmonics shown on Figs. 2(b) and (c) .
We note, in passing, that a set of data as the ones presented in Figs. 2(b) and (c) for a full range of harmonic energies would, in principle, allow a tomographic reconstruction of the HOMO [5] .
B. Methane: Interference of degenerate HOMOs
We now turn to the harmonic yield from the methane molecule (CH 4 ). Methane has three degenerate HOMOs as shown on Fig. 3 , and we can use this molecule to demonstrate the effect discussed below Eq. (7), i.e., the absence of interference effects from randomly oriented molecules, when degenerate HOMOs differ only by a rotation. To this end we have compared the total harmonic yield with the yield from a single HOMO when the orientational distribution is as given by Eq. (16) and confirmed that the results agree except from an overall scaling factor. This is illustrated on Fig 4(a) .
Next, we have carried out calculations of HHG from methane that has been one-dimensionally oriented with the BF z-axis at some fixed angle θ relative to the polarization direction. The orientational distribution used is given by Eq. (17). We do not show the harmonic spectrum in this case, since it does not differ much in structure from Fig. 4(a) . This is probably due to the fact that methane is rather small and compact, which makes it spherical-like after χ-averaging. Consequently, no structure is revealed by the electrons, not even the most energetic, and the harmonics exhibit the same overall θ-dependence.
On Fig. 4 (b) we show this typical angular dependence of the harmonics. In the figure the upper curve shows the signal when the coherence between the individual HOMOs is correctly accounted for [cf. Eq. (7)]. The other curves in the figure show the unphysical signals from each HOMO. Clearly, this figure illustrates that there is a strong interference between the single HOMO amplitudes in the angle resolved signal. We may understand the single HOMO signals in Fig. 4(b) from the structure of the HOMOs: First, we explain the dips. The vanishing signals of HOMO1 and HOMO2 at θ = 0
• are explained by the fact that in this case the polarization vector points along the BF z-axis, hence coincinding with the nodal planes of these HOMOs, as seen from Fig. 3 . Furthermore, the electron causing HHG must escape along the polarization axis to Eq. (13), and we conclude that these two HOMOs cannot generate harmonics for θ = 0
• . At θ = 90
• the polarization axis is directed into the BF xyplane which is the nodal plane of HOMO3 (see Fig. 3 ) and consequently HHG from HOMO3 is excluded. Second, we remark that the single HOMO-yield at a given value of θ is obtained by averaging amplitudes from all degrees of rotation around the BF z [cf.-axis (7) and (17)]. It is therefore obvious from symmetry that the results of HOMO1 and HOMO2 must be identical.
C. Propane and butane: Effects of orientation
In the following we consider propane (C 3 H 8 ) and butane (C 4 H 10 ). We begin with numerical results on the propane molecule. Figure 5 shows the HOMO of propane along with the harmonic signal in randomly oriented and one-dimensionally oriented scenarios corresponding to orientational distributions from Eqs. (16) and (17) . The dependence of the HHG spectrum on orientation amounts to more than just a simple scaling, e.g., the 19th harmonic is alternately above and below the neighboring odd harmonics depending on the orientation of the propane molecule. We ascribe this to the fact that propane is a rather extended and open-structured molecule. In general, when the BF z-axis is close to the LF Z-axis the HHG is suppressed, because the almost vanishing wave function along the polarization direction [see Fig. 5(a) ] makes the ATI amplitudes in Eq. (12) small. Notice also that the even harmonics disappear at an orientation of 90
• . This is due to the fact that every photon absorption at this orientation changes the projection of the electron angular momentum on the Zaxis with ± , and it is seen from Table I that an odd number of photon absorptions is necessary in order to start off and end up in the HOMO.
We remark that harmonics of order 15 to 27 are suppressed for θ = 90
• , which means that alignment is a tool for favorising the harmonics close to and above the semiclassical cutoff energy at I p + 3.17U p ≃ 29 × ω. These harmonics are known to be well phase-synchronized in the case of diatomic molecules [9] , and this may also hold true in the case of propane. Furthermore, phasesynchronized harmonics are synchronically emitted and the superposition of such harmonics constitute the basis for the generation of attosecond pulses. Figure 6 illustrates the HHG from butane. As with propane we observe a complicated behavior of the individual harmonics upon the orientation. Opposite to the case of propane, there is no particular orientation that favors harmonics near the semiclassical cutoff energy. • even harmonics are suppressed as discussed in the text.
V. CONCLUSIONS AND OUTLOOK
In the present work we have discussed general issues related to the effects of molecular symmetry, degeneracy and orientation in HHG. To this end, we have considered the high-harmonic signal from several polyatomic molecules, namely ethylene, methane, propane and butane. In the case of ethylene we have shown how the dependence of orientation reflects the HOMO: The strength of the harmonics is increased when the laser polarization is directed away from the nodal plane, but the detailed orientational dependence differ from one harmonic to another. We have used methane as an example of a molecule with degenerate HOMOs. Then harmonic amplitudes of different HOMOs need to be added coherently, and interference effects are in general unavoidable. Although, some information about the individual HOMOs can be extracted by orienting the molecule we illustrated the importance of including all HOMOs when calculating the harmonic signal from one-dimensionally oriented methane. Finally, the propane and butane molecules served as illustrations of HHG from extended structures, and the individual harmonics carry their own characteristic orientational dependence. In the case of propane harmonics near the cutoff can be promoted by means of orientation and a selection of these energetic harmonics is of interest to attosecond pulse generation.
While we expect the conclusions drawn above to be fairly model independent we would like to mention a few open theoretical questions that should be addressed in the near future. In the present paper a relatively simple model using several approximations, including the strong-field approximation and a saddle-point approximation, has been applied to describe HHG. The model is formulated in length gauge, but at this level of approximation it is still to be settled wether another gauge would be more appropriate [25, 26] . In addition, a future challenge is to take into account the finite duration of the harmonic driving laserpulse. This is necessary in order to investigate further the possibility of using large molecules as sources of attosecond pulses.
